We present an anisotropic optical feedback technique for controlling light polarisation. The technique is based on the principle that the effective gain of a light mode is modulated by the magnitude of the anisotropic feedback. A new physical model that integrates Lamb's semi-classical theory and a model of the equivalent cavity of a Fabry-Perot interferometer is developed to reveal the physical nature of this technique. We use this technique to measure the phase retardation, optical axis, angle, thickness and refractive index with a high precision of l/1380, 0.016, 0.0026, 59 nm and 0.0006, respectively. P olarisation is a very fundamental property of light and is necessary to account for the vectorial character of electromagnetic waves. Many processes in optics are determined by the polarisation states of the beams involved. Recently, research into the polarisation of light in lasers with optical feedback has attracted considerable interest [1] [2] [3] [4] [5] [6] [7] [8] [9] . Floch and co-workers 1,2 observed the polarisation switches and a hysteresis effect by changing the intracavity anisotropy values of a laser. Stephan and co-workers 3 experimentally and theoretically studied the polarisation changes induced by optical feedback from a polariser external to the cavity. However, in the prior works, the duty ratio of the two polarisation states could not be controlled; thus, the effect of the switches in polarisation could not be used for optical measurements.
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We present a completely new technique for polarisation control based on anisotropic optical feedback. In this new technique, a birefringent crystal or other material with birefringent characteristics placed in a feedback cavity forms an anisotropic feedback cavity. The azimuth of the optical axis, phase retardation, thickness and refractive index of the birefringent material determined the magnitude of the anisotropy of the optical feedback cavity. The polarisation states flip from the initial polarisation direction to the orthogonal direction as the length of the feedback cavity is tuned. The position of the polarisation flip is determined by the characteristics of the birefringent materials. We measure the position of the polarisation flip to calculate the characteristic parameters.
In this study, we build an anisotropic optical feedback system to control the polarisation of light and to observe polarisation flipping. We also present a new physical model that integrates Lamb's semi-classical theory and a model of the equivalent cavity of a Fabry-Perot interferometer to analyse the dynamics of polarisation flipping. New physical phenomena are observed through this anisotropic optical feedback system.
Birefringent materials, such as optical wave plates, are widely used in optical systems related to ordinary light polarisation, such as laser heterodyne interferometers, optical filters, optical isolators, and ellipsometers [10] [11] [12] . The precision of the optical wave plate determines the precision of these optical systems. To manufacture high precision wave plates, high precision methods for measuring phase retardation are needed. Some methods for phase retardation measurements have been proposed [13] [14] [15] , however, these methods have low precision for multiorder half-wave plates and a careful alignment of several polarisation components is needed. The complicated setups for such experiments and data analysis are also expensive. In this study, a polarisation control technique to achieve phase retardation measurements with a high precision of l/1380.
Many materials exhibit strong optical birefringence, such as wave plates, biological tissues, liquid crystals and fibres. For these materials, the azimuth of the optical axis determineds the performance of the materials. For a birefringent fibre, the optical axis must be accurately aligned with a particular axis of the device to avoid polarisation cross coupling. In many biological tissues, the azimuth of optical axis directly correlates with the long-axis orientation of collagen fibres. Therefore, it is important to determine the azimuth of optical axis of birefringence materials. Some methods have been proposed to measure the azimuth of optical axis. Polarisation sensitive optical coherence tomography (PS-OCT) is a noninvasive imaging technique used to determine the birefringence of materials and the azimuth of the optical axis [16] [17] [18] . Of the methods for optical axis determination listed above, some require expensive instrumentation and the others cannot meet the high requirements in measurement accuracy and resolution required for industrial and scientific use. In this study, we use a polarisation control technique to measure the optical axis with a precision of 0.01u.
Angle measurements are important in many applications, such as the control of adaptive optical systems, the automation of manufacturing, robotics and coordinate-measuring instruments. Autocollimators 19, 20 and interferometers 21, 22 are traditionally employed to measure angles. Although these two methods provide high precision, devices based on these methods are usually large, thus, in many cases, the devices are difficult to integrate with machines for online measurements in many cases. In this study, we use the polarisation control technique to achieve angle measurement with a precision of 0.002u.
The thickness and refractive index are fundamental parameters of optical materials. Some methods for measuring the thickness and refractive index, such as the minimum deviation method, total internal reflection method, and interferometeric methods, have been proposed and applied in industry areas. However, one problem, common to all of these methods, is that the thickness and refractive index cannot be measured simultaneously. In this study, we use a polarisation control technique to measure the thickness and refractive index simultaneously with a precision of 59 nm and 0.0006.
Results
Polarisation control system. The experimental setup employed in this work is shown in Figure 1a . The setup consists of four parts: a light source, a feedback cavity, a detecting part and a signal acquisition system.
The extraordinary light source is a He-Ne gas laser with a wavelength of 632.8 nm. The resonator is composed of mirrors M 1 and M 2 with reflectivities of 99.8 and 98.8%, respectively, and a window film M 3 . The resonator is half-intracavity, with a length of 150 mm. The laser mode is single mode, linearly polarised and initially polarised in the x direction, as shown in Figure 1a . The ratios of gaseous pressures in the resonator are He:Ne 5 951 and Ne 20 :Ne 22 5 151.
The feedback cavity is formed by M 2 and the the feedback mirror M E , with the birefringent sample S between the mirrors. The length of the feedback cavity is 100 mm. M E has a reflectivity of 10% and is used to reflect laser beams back into the resonator. A piezoelectric transducer (PZT) ,which is driven by a triangular voltage wave is used to tune, push and pull M E . The birefringent sample S is made up of quartz material and the optical axis orientation is parallel to the sample surface. The surface roughness and parallelism of the wave plate are less than 1 nm and 5, respectively.
The detection system is formed by the polariser P, detector D 2 and oscilloscope 2. Polariser P is used to separate the different polarisation states of the laser. In our experiment, the polarisation direction of the polariser is orthogonal to the initial direction of the laser polarisation, as shown in Figure 1a . When the direction of the laser polarisation is the same as that of the polarisation direction of the polariser, the beam can reach and be detected by detector D 2 . Otherwise, the output voltage of D 2 remains at the minimum voltage. Thus, changes in the output voltage for detector D 2 indicate polarisation flipping for the laser.
The signal acquisition system consists of detector D 1 and oscilloscope 1. D 1 is used to measure the laser intensity.
Polarisation flipping curve. For the case in which the length of the feedback cavity is tuned with the PZT, the experimental results for polarisation flipping and intensity transfer are shown in Figure 1b .
In Figure 1b , the top curve shows the output from D 1 for the laser intensity. The curve differs from that for conventional laser feedback phenomena. Firstly, minima at the B and F points occur whereas the conventional laser feedback curves are similar to a cosine shape 23 . Second, the polarisation state flips 90u vertically at positions B and F. The distance between positions A and D or E and H is one period of l/2. The position, B or F, of the polarisation flip is determined by the phase retardation magnitude of the sample S.
The middle curve in Figure 1b shows the voltage output from D 2 . Initially, when the PZT is not scanned, we change the polarisation direction of the polariser P so that the direction is orthogonal to the initial polarisation state of the laser and the laser cannot pass through the polariser. Then, the minimum voltage is observed on oscilloscope 2. When the PZT is scanned, the polarisation flipping occurs, as shown in Figure 1b . The polarisation states changes between the x and y directions. Thus, a square wave is observed on oscilloscope 2. Each transition indicates a single polarisation flip.
The lowest curve in Figure 1b is the driving voltage applied to the PZT. The voltage is a triangular wave with a maximum of 100 V. At this voltage, the maximum displacement of the PZT is 0.5 mm.
The relation between the position of the flip and the magnitude of the phase retardation is shown in Figure 2a .
Phase retardation measurement. In the feedback cavity, light passes through the birefringent sample S twice, so the retardation of ordinary light and extraordinary light in Figure 2a is 2d, where d is the phase retardation of the birefringent material S. Based on Figure 2a , the relation between the position of the polarisation flip and the phase retardation can be expressed by:
where C is the point with intensity equal to that point B, and G is the equivalent of F. l BC is the difference in the length of the feedback cavity between points C and B, and l AD , l FG and l EH are defined similarly. V BC is the PZT voltage between points C and B, and V AD , V FG and V EH are defined similarly. According to the relation given in Eq. (1), the phase retardation of the birefringent material or wave plate can be measured with high precision. The measurement results are shown in Figure 2b . The results indicate that the reproducibility of the phase retardation measurement is better than l/1380, as shown in Figure 2b .
Optical axis determination. If the sample S is rotated perpendicular to the direction of laser propagation to change the angle between the optical axis and the direction of the laser polarisation, the curves for the polarisation flips differ, as shown in Figure 3 . If the optical axis is close to the x-axis, the gradient of the polarisation state decreases. The gradient becomes zero when the optical axis is parallel to the x-axis. This result can be used to determine the azimuth of the optical axis. The gradient of the intensity of the polarisation states is highly sensitive to the relative positions of the optical axis and the initial polarisation direction of the laser. The resolution of the azimuth of the optical axis is better than 0.01u.
Angle measurement. If the sample S in the feedback cavity is rotated, the phase retardation of the birefringent material is changed due to interference effects at the surface of S (Fig. 4a) where r ob-a and r eb-a are the reflectivities from the wave plate to air of ordinary light and extraordinary light, respectively; t oa-b and t ea-b are the transmittances from air to the wave plate of the ordinary light and extraordinary light, respectively; and t ob-a and t eb-a are the transmittances of from the wave plate to air of the ordinary light and the extraordinary light, respectively. E oo and E ee are the electric field vectors of the ordinary and extraordinary light, respectively, through the wave plate; E9 oo and E9 ee are the amplitudes of the ordinary and extraordinary light, respectively; and Q o and Q e are the phases of the ordinary light and extraordinary light, respectively. E o and E e are the initial electric field vectors of the ordinary and extraordinary incident light, respectively; and k 5 2p/l. n oo and n ee represent the refractive indices of the ordinary light and extraordinary light, respectively, at a rotation angle of h. n o and n e are the refractive indices of the ordinary light and extraordinary light, respectively, when the rotation angle is zero. Therefore, the variation in the phase retardation reflects the angle of rotation of the birefringent sample S. The relation between the phase retardation and the angle of rotation of sample S, as given by Eq. (2), can be used to measure the angle variation. The experimental curve of the variation of the phase retardation with angle is shown in Figure 4b . The advantages of this method for angle measurement are: low cost, effective power, compact, flexible, fast response and high precision.
The angular resolution of this laser feedback method can be estimated by Eq. (3). Where R is the angular resolution of laser feedback instrument; the 0.1u is about the repeatability of phase retardation measurement of laser feedback instrument; the angular magnitude of 0.2u is the half-cycle of phase retardation variation; the phase retardation magintude of 10u is the amplitude of phase retardation variation. According to Eq.(3), the angular resolution is 0.002u in the range of 615u.
Thickness and refractive index measurement. To simultaneously measure the thickness and refractive index, we eliminate the interference effect at the surface of the sample S with a refractive index matching liquid or an antireflection coating. We choose a quartz wave plate as the birefringent material and rotate the plate around the slow axis to determine the relations among the phase retardation, rotation angle, thickness, and refractive index. Through a simple derivation, the relation can be expressed as
where d is the thickness of the quartz wave plate, n o and n e are the refractive indices of ordinary light and extraordinary light at a wavelength ofl and N is the order of the wave plate. In Eq. (4), there are four unknowns. If the sample S is rotated four times or more times, there will be four or more equations to solve for the unknown variables, as given by Eq. (5):
Experimentally, a series of phase retardations is measured as the wave plate is rotated. The measurement data are listed in Table 1 . The angle is measured with an autocollimators. We fit the data in Table 1 to Eq. (4). The numerical solutions for the unknown variations are listed in Table 2 . The actual values for the thickness and refractive indices are measured by interferometry and the deviation method, respectively. The measurement precision are 10 nm and 10
26
, respectively. The measured values are given as the results calculated from the experimental data. The results show that the maximum error of the thickness is 59 nm; this error shows reasonable agreement between the measured values and the actual thickness of the quartz wave plate, as measured by interferometry. The maximum error of the refractive indices for ordinary light and extraordinary light is 0.0006.
Discussion
When the length of the feedback cavity is scanned with the PZT, the effective gains of the ordinary light and extraordinary light are modulated. We integrate a model of using the equivalent cavity of a Fabry-Perot interferometer and Lamb's semi-classical theory to analyse the variation in the effective gains.
The model for the equivalent cavity of a Fabry-Perot interferometer is given by 24 . 0, a e . 0, a9 o . 0, a9 e , 0 or a o . 0, a e . 0, a9 o , 0, a9 e . 0. The expressions for the effective gain will be calculated in the next section.
R
In Eq. (6), the net gain a can be expressed by
where Z i is the plasma dispersion function, g is the degree of relative excitation degree, which is approximately 1.33, and j is the frequency parameter. Z i , j and F are expressed by 
where n o and n e are the frequencies of the ordinary light and extraordinary light, n 0 is the centre frequency of the laser and g is the longitudinal mode spacing, which is approximatelly 833 MHz. 
